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Introduction
Let v 0 be a valuation of a field K o with residue field fc 0 and value group Z, the group of rational integers. Let K 0 (x) be a simple transcendental extension of K o . In 1936, Maclane [3] gave a method to determine all real valuations V of K 0 (x) which are extensions of v 0 . But his method does not seem to give an explicit construction of these valuations. In the present paper, assuming K o to be a complete field with respect to v 0 , we explicitly determine all extensions of v 0 to K 0 (x) which have Z as the value group and a simple transcendental extension of k 0 as the residue field. If V is any extension of v 0 to K 0 (x) having Z as the value group and a transcendental extension of k 0 as the residue field, then using the Ruled Residue theorem [4, 2, 5] , we give a method which explicitly determines V on a subfield of K 0 (x) properly containing K o .
In Section 1, we prove some results needed for the main results. These results, however, turn out to be of independent interest.
Certain extensions of any real valuation to a simple transcendental extension
In this section, v 0 is a real valuation of a field K o (not necessarily discrete or complete) with residue field k 0 and K 0 (x) is a simple transcendental extension of
Let P(x) be a monic polynomial with coefficients in the valuation ring o of v 0 such that the corresponding polynomial P(x) with coefficients in the residue field k 0 of v 0 is irreducible over k 0 . Let 6 be any positive real number. By successive division by powers of P(x), any non-zero polynomial f(x) in o[x] can be uniquely represented as
where the polynomial f t {x) in o[x] is either zero or has degree less than that of P(x). (The above representation of /(x) will be referred to as the canonical representation of /(x)). We define
We shall soon prove that V P(x) is a valuation of o [x] . Its unique extension to K 0 (x) will also be denoted by V P(X) .
is written, by the division algorithm, as
and consequently
Proof. This follows at once if we write F(x) = <xF l (x) with a in o such that V 0 (F 1 (x)) = 0 and then write by the division algorithm F t (x) as P(x)q l (x) + r l (x).
The following remark follows immediately from above. 
Proof. Let a, /? be elements of o such that
On dividing a^xjfc^x) by P(x), we can write
where either r t (x) = 0 or degr,(x)<degP(x). Since deg(a 1 (x)b 1 (x))<degP(x) 2 , therefore degg,(x)<degP(x). Also F o (r 1 (x)) = 0, i.e. the polynomial r t (x)#O in fe o [x] ; for other-wise by (1.1) P{x) will divide d^E^x) and being irreducible must divide at least one of d^x) or E^x), which is impossible in view of the degrees of d^x) and E t (x). On multiplying (1.1) by a/?, we have
Now by definition of V P{x) , we have
and the lemma is proved.
Proof. Let f(x) and g(x) be non-zero polynomials over o with canonical representations
(1.3)
On adding (1.2) and (1.3) we obtain the canonical representation for f(x)+g{x) and the triangle law, i.e., follows immediately. Also it is easy to prove using Lemma 2 and the triangle law that Now, it remains to prove that Let t and u be the smallest indices such that
Let r,{x) and q,{x) be the polynomials over o determined by the division algorithm from the following equations.
Observe that the degree of each qfoc) and r^x) is less than the degree of P(x). Thus the
is the canonical representation. The inequality (1.4) follows at once if we prove that
We first show that
Both (1.6) and (1.7) follow immediately from the following observation. For Og/^m, V 0 (fd + iO^ V 0 (f,) + td with strict inequality if i<t; and for O^j^n, K(gj) + ft ^ Vo(gJ + uQ with strict inequality if ;' < u.
Define a polynomial F(x) over o by
Recall that q,+ u (x) and r, +u (x) are respectively the quotient and remainder when F(x) is divided by P(x) i.e.
In view of (1.6) and Lemma 1, it is clear that
In view of (1.7), we have consequently
Let a and fi be elements of o such that f,(
. In view of (1.7) and (1.8) it is clear that Since both F t (x) and G u (x) are of degree less than that of P(x), therefore P(x) does not divide F t (x) . It now follows from equation (1.9), Lemma 1 and the remark following the lemma that
which proves (1.5) and hence completes the proof of the fact that
Notation. If a is an element of the valuation ring of a valuation V of a field K, then a will denote its image in the residue field of V. In this case, 6 being free modulo G o , the above equality is possible only if h = k and »o(0*) = »o(y»). also v,JLPd + iO>vdLPii + M i f '^^ a n d
»(JLyj) + j6>»dPk) + M if So if we write ^=f(x)/p h P(x) h and ^2=g(x)/^P(x) h , we have f = F h {x){(yjp h ) G h (x))
i is in fc o (x); here G A (x)#0, because the degree of the polynomial G h (y) is less than the degree of P(y) which is the minimal polynomial of x over k 0 . This proves that A = /c o (x) which is an algebraic extension of k 0 . 
Construction of extensions of v 0 with residue field k o (t)
In what follows, K o is a complete valuation field with respect to a valuation v 0 having the value group Z, the valuation ring o and the residue field k 0 . As before x is an indeterminate, We shall consider only those extensions V of v 0 to K 0 (x) for which Proof. Let n be a uniformizer of v 0 in K o and (f>(y) be the minimal polynomial of x over k 0 of degree n. We claim that there exists a monic polynomial P(x) over o with F(x) = (j)(x) such that the residue class (P(X)/K")~ (in the residue field of V) is transcendental over k 0 , r being given by F(P(x)) = r. Let P t (x) be any monic polynomial with coefficients in o such that P 1 (x) = ())(x). Since P 1 (x) = <j)(x) = 0, therefore s t = V (P 1 (x) J is a polynomial over o of degree ^« -1, which we shall denote by F(x). By choice
must be the zero polynomial. Which is impossible because P l (x) -F(x) is a monic polynomial of degree n over o. This contradiction proves the claim.
Let P(x) be a monic polynomial over o such that P(x) = <£(x), V(P(x)) = r and (P(x)/7i r )~ is transcendental over k 0 and hence over k o (x) . We now prove that the valuation V is nothing but V P(x) with 9 = V P{x) (P(x)) = r. Since the minimal polynomial satisfied by x over k 0 has degree n, therefore for any polynomial a(x) over o of degreê 
.
By definition of V P[X) , we have
where the minimum is carried over those i for which f t {x) ^ 0. We shall prove that
Since V{f^x)P(x)') = ai + ir, it follows from (2.1) that Proof. If x is transcendental over fe 0 then by the remark in the end of Section 1, V=V 0 . Suppose now that x is algebraic over k 0 , therefore x is in k 0 . So the minimal polynomial of x over fc 0 is a linear polynomial. The desired assertion now follows immediately from Theorem 3. 
